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The author proposes an approximate analytic solution of the problem 
of bringing a system described by a hyperbolic transport equation as 
rapidly as possible from one given state to another. The results of an 
experimental verification of the solution are presemed. 

In many p r a c t i c a l  s i t ua t ions  the d i s t r i b u t i o n  of 
t r a n s p o r t  po ten t i a l s  in a so l id  at  the end of a p r o c e s s  
is  not  a m a t t e r  of i nd i f f e rence .  F o r  example ,  i n d r y -  
ing c e r t a i n  m a t e r i a l s  i t  is  i m p o r t a n t  that  the m o i s t u r e  
d i s t r i b u t i o n  at  the  end of the p r o c e s s  be su f f i c ien t ly  
un i fo rm.  In th is  c a s e  i t  is  d e s i r a b l e  fo r  the p r o c e s s  
to p r o c e e d  as  r a p i d l y  as  p o s s i b l e .  M a t h e m a t i c a l l y  th is  
p r o b l e m  can  be f o r m u l a t e d  as  fo l lows {for s i m p l i c i t y  
we wil l  c o n s i d e r  the  i s o t h e r m a l  ca se ,  s i nce  a l lowing  
for  the ef fec t  of t e m p e r a t u r e  does  not i n t roduce  any 
i m p o r t a n t  c h a n g e s ) .  Let  t h e r e  be a s y s t e m  d e s c r i b e d  
by the equat ion [1] 

02u - } - 2 h O U = a  ~09-~-u O-~x-~R,  h > O ,  a2>O, (1) 
0"~2 0"~ Ox ~ ' 

with boundary  condi t ions  

Ou(O, ~) o, Ou(R, ~) ~(~). (2) 
ax ax 

The in i t i a l  s t a t e  is  c h a r a c t e r i z e d  by the funct ions  

u(x,  0 ) = f l ( x ) ;  Ou(x, 0) /z(x). (3) 
0x 

The funct ion ~(~) (see  (2)) is  r e g a r d e d  as  t h e c o n -  
t r o l  funct ion.  The p o s s i b i l i t i e s  of con t ro l  a r e  a s s u m e d  
to be l i m i t e d  in the s e n s e  that  at  any m o m e n t  of t i m e  
the inequal i ty  

I~ (~)1 ~ M = const (4) 

mus t  be s a t i s f i e d .  
The p r o b l e m  c o n s i s t s  in f inding a function ~ (r)  

s a t i s fy ing  the fo l lowing r e q u i r e m e n t s  : 
1. At s o m e  m o m e n t  of t i m e  r = ~-. the condi t ion  

R 

�9 f (5) 
0 

mus t  be  sa t i s f i ed ,  w h e r e  u* (x) is  s o m e  given funct ion 
c h a r a c t e r i z i n g  the f inal  s t a t e  of the s y s t e m  (u*(x) is  
a s s u m e d  to be s q u a r e  i n t e g r a b l e  on the  i n t e r v a l  [0, R]). 

2. T. m u s t  be m i n i m a l .  

If the p r o b l e m  f o r m u l a t e d  a d m i t s  an exac t  s o l u -  
t ion at some  7. < ~ ,  the a p p r o x i m a t e  so lu t ion  may  
be found as  fo l lows.  

Using  the F o u r i e r  f in i te  i n t e g r a l  cos ine  t r a n s f o r -  
ma t ion  

R 

�9 t ~ 
u,,(~) = u (x ,  T)cos n-~-~ xdx, n = 0 ,  1 . . . . .  (6) 

R 
it 

we find the c o r r e s p o n d i n g  t r a n s f o r m  of Eq. (1) with 
condi t ions  (2) 

d~un + 2h dUn a s . 2 u " ( - -1)ha 2 ~ (x), 

n = 0 ,  1, ..., (7) 

w h e r e  

In the F o u r i e r  t r a n s f o r m  in i t i a l  condi t ions  (3) and 
condi t ion  (5) take the f o r m  

u. (0 )  = f l . . ,  ~u . (0)  _ is.n, ( s )  
d~ 

U n ( ' ~ , ) = u  n, n = 0 ,  1 . . . .  (9) 

( f l , n ,  f2,n,  u~ w e r e  ob ta ined  by apply ing  t r a n s f o r m a -  
t ion  (6) to the funct ions  f l ( x ) ,  fx(x),  u*(x)). 

The in i t i a l  p r o b l e m  r e d u c e s  to the fol lowing:  for  
s y s t e m  (7) wi th  condi t ions  (4), (8), to f ind a funct ion 

(T) that  wi l l  e n s u r e  the s a t i s f a c t i o n  of Eqs.  (9) at 
m i n i m a l  T.. 

We wil l  so lve  the ana logous  p r o b l e m  for  a f in i te  
s y s t e m  of m + 1 equat ions  (7), i . e . ,  for  n = 0 ,1 ,  . . . .  m.  
We denote  the c o r r e s p o n d i n g  op t ima l  t ime  for  this  

, * The �9 and the op t ima l  c on t ro l  by ~m" s y s t e m  by z m 
p r o b l e m  of the e x i s t e n c e  and un iqueness  of the s o l u -  
t ion of such a p r o b l e m  for  f in i te  s y s t e m s  of o r d i n a r y  
l i n e a r  d i f f e r e n t i a l  equat ions  (in p a r t i c u l a r ,  of type (7)) 
was examined  in [2]. 

We l eave  open the ques t ion  of the l i m i t  lira ~ ,  
rn~co 

a s s u m i n g  tha t  t h e r e  e x i s t s  a 7, < ~, ~.. It is  quite ob-  
v ious  tha t  ~-* _< T,, m = 0, 1, . . . .  In fact ,  i f  we a s s u m e  
that  at  some  m = k the inequa l i ty  ~'~ > z .  holds ,  then 
the con t ro l  ~ wi l l  not  be op t ima l  for  the  c o r r e s p o n d -  
ing f in i te  p r o b l e m ,  s ince  t h e r e  is  a con t ro l  ~, that  
e n s u r e s  s a t i s f a c t i o n  of Eqs.  (9~ at  ~-. < y~ .  F r o m  
analogous  r e a s o n i n g  t h e r e  fo l lows the va l id f ty  of the 

i nequa l i t i e s  ~'m -< Z'm-1 at  m = 0, 1, . . . .  The gen -  
e r a l  f o r m  of the con t ro l  funct ion ~ *  can be found 
us ing  the m a x i m u m  p r i n c i p l e  [2]. In a c c o r d a n c e  with 
the  method and nota t ion  of [2] we f o r m  the a u x i l i a r y  
funct ion H. 
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F o r  th is  p u r p o s e  we f i r s t  i n t roduce  the n e w v a r i -  
ab le  Vn(r ) = dun /d  r .  Th is  m a k e s  i t  p o s s i b l e  to w r i t e  
s y s t e m  (7) in the  f o r m  

dv~ 2hvn ~ ~ (--1)n a~ ~(~), 
- -  - - a  ~ n g n - }  - dr  

dun----v.('O, n----0, 1 . . . . . .  m. (10) 
dx  

In a c c o r d a n c e  with [2], the  funct ion H has  t h e f o r m  

H----- ~ .  {[--2hvn--a 2 "2u 
~ 0  

-I-(--I)" a e ~(~)1 ~.,, -t- v~ q~2.,}, (11) 

w h e r e  r n'  ~2, n a r e  a u x i l i a r y  funct ions  s a t i s f y i n g  
the s y s t e m  of equa t ions  

d : ~  "" = 2h **'n - ~22,n' d1: 

n =0,  1 . . . . .  m. (12) 

The unknown funct ion ~ n  s a t i s f y i n g  the condi t ions  
of the p r o b l e m  (at n = O, 1, . . . ,  m) is  found f r o m  the 
condi t ion  max  H and consequen t ly  has the f o r m  

rn 

~*==Msign ~ (--1)" %= (,). 
n=O 

(13) 

Since in th is  c a s e  we have i m p o s e d  no condi t ions  on 
the v a l u e s  of Vn(T*),  a t  r = r * ,  the t r a n s v e r s a l i t y  
condi t ions  

~?l,n(T~z ) : 0 ,  n : O ,  1 . . . . .  FF/ 

m u s t  be s a t i s f i e d .  8 �9  s y s t e m s  of equa t ions  (12) for  
examp le  by m e a n s  of a L a p l a c e  t r a n s f o r m a t i o n  fo r  
r with a l lowance  fo r  the  t r a n s v e r s a l i t y  condi t ions ,  
we obta in  

r = 

,~.(O)exp [-h(~:-~)] ~in~(~;~-~), (14) 
- exp (- h ~) sin ~ 

where 

z~ = (a~n--a~) '/~, m--a2g~n <0, 

sin s  =/= O, n=O,  1 . . . . .  m. (15) 

When h a - aZ>Zn > 0, e x p r e s s i o n  (14) i s  a l so  va l id .  
Using Euler~s f o r m u l a s  we can pa s s  f r o m  the c o m -  
p lex  e x p r e s s i o n  (14) to a r e a l  e x p r e s s i o n  conta in ing  
only exponen t ia l  funct ions .  He re  and in what fol lows 
i t  is  a s s u m e d  that  the  c a s e  h 2 -  a2p 2 = 0 does  n o t � 9  

n 
cur. 

We will consider the following expression which 

gives the mean square error for control (13): 

R 

l [.(x, (la) 
0 

We wil l  show that  

lira 5~ =0,  (17) 

i. e . ,  that  the in i t i a l  p r o b l e m  can  be so lved  with any 
d e g r e e  of a c c u r a c y  ( in the  s e n s e  of (16)) by choos ing  
a su f f i c ien t ly  l a r g e  m in the c o r r e s p o n d i n g  t runca t ed  
p r o b l e m .  

t~ 

O./O 
0 0 

- " e ~  �9 

o.ta 

~/# 
�9 0 - - a  , 

e - - b  
~f2 

Q 0 8 

~-~-----.~ o a 

\ 
12 /6 20 2q 2 8  X 

Fig .  1. D i s t r i bu t i on  of m o i s t u r e  content  u,  k g / k g ,  
a long the length  of the  s p e c i m e n  x, ram: a) at 
the beginning  of the equa l i za t i on  p r o c e s s ;  b) 
at the end of the p r o c e s s  ; the ho r i z on t a l  s t r a i g h t  
l ine  r e p r e s e n t s  the  c a l c u l a t e d  r e l a t i o n  u(x,  0); 

the  curve  r e p r e s e n t s  u(x, r ~ ) .  

The g e n e r a l  so lu t ion  of s y s t e m  (7) can  be obta ined  
us ing  a L a p l a c e  t r a n s f o r m a t i o n .  It has the f o r m  

1 
u ~  (T) - x 

I~l ,n - -  {~2,n 

• {I(=l,n+2h) h,n + f2.n] exp =~..~-- 

- -  [(%,n q- 2h) fl.~ if- f'.',n] exp %.n ~ q- 

§ ( - -  1 )" a 2 ,i ~ (e) [exp al,n (* - -  ~) - -  
0 

- exp ~:,~ (~ - ~)1 d ~ } ,  (18) 

w h e r e  c ~ j , n = - h  + ( -1 )J+ l (h  2 - a 2 / f f n )  1/2, j = 1, 2, h a -  
- a2/~2n > 0 for  n = 0, 1 . . . . .  k. F o r  t hose  n > k at 
which h 2 - a2~ 2 < O, the so lu t ion  can be w r i t t e n  in 

the f o r m  

u~ (~) = fl,~ cos ~ exp ( -  h ~) + 

1 + -~ ([~,~ 4-hh, ,n) sin s exp( - -h*)  + 

-}-(--1)na2~'n f ~ (e ) s in s  

0 

• exp [- -  h (T - -  e)] d e, 

n = k q-l ,  k + 2  . . . . .  (19) 

whe re  the X n have the f o r m  (15). 
Using  the f o r m u l a  for  the i n v e r s e  F o u r i e r  t r a n s -  

f o r m a t i o n  and Eq. (9) with n = 0, 1, . . . ,  m, we can  ex-  
pand e x p r e s s i o n  (16) to 
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~= 
R 

nn  l~d 

0 n = m q -  1 
R 

n=m-}-  ! 0 

= 2 ~ [.. (tin, <.) -.;]'. 
R 

n ~ m 4 - 1  

0 

-/$ 

1 
- 2 0  I 

o O.o o.8 /.2 / .o  t O  2.0 "r 

Fig.  2. Calcula ted  r e l a t ion  ~ ( r )  (~ in hours ,  
~ n  in k g / k g ,  m),  

(20) 

When m -< k, the l as t  sum can be divided into two 
par t s :  

k 

6~ =-# [..(~2, ~) - . ; ] '  + 
n = m +  1 

+ [un(~m, xn)--U ~, (21) 
n = k . . M  

where  in the f i r s t  sum the Un(~n, r~n ) c o r r e s p o n d t o  
solut ion (18) and in the second to (19). 

As m i n c r e a s e s ,  s t a r t i ng  with m = k + 1, when 
the d i s c r i m i n a n t  h e -  aZpa~ (n = k + 1, k + 2 . . . .  ) be -  
comes  negat ive,  e x p r e s s i o n  (20) will include un(~* 

m ~ 
r m)  of type (19) only.  

We now obtain the following e s t ima te s :  

I:~ cos ~.~v exp (--  h x) + 

1 
+ ~ (f~. + hfl~) sin X.~ exp ( - -  h x)l < 

1 
< I:,. 1+ ~-~l :~. + ht,.l < [f,.t + 

1 
+ -~m+, lb. + hh.t = B., 

n = m + l ,  m §  . . . . .  (22) 

where  m > k, and B n is the abbrev ia t ed  notation. 
Using (19), (22), and (4), we obtain 

! u .  (~)I < B .  + 

aS  t" +-I - ~ -  ~ (e) sin M (x - -  e) exp [--  h(~--e)] del 

0 
a 2 

< B ~ +  ~ m a x l ~ t ~  x 

x i  e x p [ - - h ( x - - e ) ] d e  < B n +  
0 

a2M 
q - ~ h  ' n = m +  1, m-t-2 . . . . .  m > k .  (23) 

Using (23) we find an e s t i m a t e  for  e x p r e s s i o n  (20) 
(m >k) :  

6~m < 2  B~ + + l u:l 
n = m + l  

< ~ (B .+  lu, l) ~ + 
R 

n = m +  1 

4 s a~M 

n ~ m  + 1 

- -  < ( B . +  [u;]) 2 + 
+ hLn " 

n § n~rn.-}-i 

+ ~  ~ (B.+,.;I: ~. ~,T;:-~/j + 
n=m'--.,1 n =  ' I 

+ ~-  k ~ - ;  , (24) 
n~n~+ I 

where  the l a s t  inequaIi ty  s ign r e su l t s  f r o m  us ing the 
Cauchy inequal i ty .  

Since the funet ions f l (x) ,  f2(x), u*(x) a r e  a s s u m e d  
to be s q u a r e  in tegrab le  on the in t e rva l  [0, R], 

tim - -2  s (B,, + lug, I) ~ = o.  
ni~ R 

n ~ t n §  1 

On the o the r  hand, us ing  e x p r e s s i o n  (15) for  X n, we 
obtain 

1 ~-~ 1 

n I n m i ~ t  

= ~ 1 1 < 
a2  2 2 2 

n=m+l - -  h/Itn Ixn 

! 1 < ) 

n ~ m + I  

c~ 2 2 

(a 2 ix z - -  h ~) n ~ ~- 
n = m  § 1 m 

R 2  , , 2  c~ t*,,z ~ 1 

g~(a'p.]z--h~-)n=/~m+t n ~ 
2 2 2 m 2,) 

since 

Consequently,  

L 1 ~ 2 .  
n ~ 6 

t Z ~ I  

1 
l im ~ '  - -  = O. 

m ~  zL.A 2 
n = m . +  I ~" n 

Thus, all  the t e r m s  of (24) tend to z e r o a s  m ~ ~ ,  
and the val id i ty  of Eq. (17) has been  proved.  It follows 
that  e x p r e s s i o n  (13) gives the app rox ima te  solution of 
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the in i t ia l  p rob lem.  In o rde r  to find the cons tan t s  
r n (0) and T~n (see (14)) that en te r  into the s t r u c t u r e  
of the con t ro l  funct ion ~ (13), va r ious  methods have 
been developed.  Not having the space to d e s c r i b e  these  
methods in detai l  we r e f e r  the r e a d e r  to [3]. The ex-  
p e r i m e n t a l  por t ion  of our  study was concerned  with the 
p roce s s  of convect ive  dry ing .  The s p e c i m e n  was a clay 
cy l inder  30 m m  long and 30 m m  in d iamete r ,  the cy -  
l i nd r i c a l  su r face  and one of the end faces be ing i n s u -  
lated.  The t e m p e r a t u r e  of the med ium in the dry ing  
chamber  was tree d = 25 • 0.2~ The a i r  ve loc i ty  in the  
zone where  the s p e c i m e n  was located was 5 m/see .  The 
med ium was moi s t ened  by a tomiz ing  d is t i l l ed  wa te r  
with c o m p r e s s e d  a i r  and feeding the mix tu re  obtained 
into the in take zone of the d ry ing  c h a m b e r  c i r cu l a t i ng  
fan. 

The changes in m o i s t u r e  content  were  r e g i s t e r e d  

with six micropickups arranged at intervals of 5 mm 
along the length of the specimen. A detailed descrip- 
tion of these pickups is given in [4]. The measuring 
error did not exceed • �9 10 -2 kg/kg. 

The initial moisture content distribution function 
used in the calculations is represented by the curve in 

Fig. i. The final moisture distribution was required 
to be uniform: u*(x) = 0.1675 = const (straight line in 
Fig. i). First we found the approximate values of the 
transport coefficients: a 2= 6.72 "10 -5 , h = 0.45, and 

then computed the approximate optimal control func- 
tion (13) at M = 15.6, m = 2. Its form is shown in 

Fig.  2. 
The va lues  of Ou(xiO) were  ca lcula ted  f rom the 

0T 
approximate  fo rmula  

Ou ( x .  ~k) ~ u (x~, "~) - -  u (x i, ~ - 1 )  

The integrals (6) for the functions fl(x), f2(x) were 

evaluated from the trapezoidal rule. Since it is diffi- 

cult to check the variation of ~ (T) (see (2)), we used 

the calculated $~n(~') to find u(x.,~') at the point x = 
=x,=27.10 -3m, i.e., at a distance of 3 mm from 

the exposed end face of the specimen. In finding u(x., 

T) we used only the first three terms of the Fourier 
series, the solution u(x, ~-) of Eq. (1).The correspond- 

ing theoretical function u(x., T), converted to instru- 

ment readings, is shown in Fig. 3. 
The process was controlled so that the actual (in- 

strument readings) u(x., ~-) varied in accordance with 
the curve in Fig. 30 Several such test processes were 
carried out. The results of one of them are represented 

in the figures by circles. The solid circles indicate the 

f ina l  m o i s t u r e  content  d i s t r i bu t ion  obtained (at ~ ' *  = 2 
hours  42 ra in) .  The equa l iz ing  effect is obvious.  This 
ind ica tes  the p r a c t i c a l  appl icabi l i ty  of the approx i -  
ma te  ana ly t i c  solut ion of the cont ro l  p r ob l em with 
Eq. (i). 

I 
0 0.# 0,0 /.2 g6 2.0 Z.O T 

Fig. 3. Calculated (curve) and experimen- 
tal (points) relation r(~-) for pickup read- 
ings at the point x = 27 mm (r in kilohms, 

~- in hours). 

NOTATION 

u is the speci f ic  m o i s t u r e  content ,  kg/kg; x is the 
space coordinate ,  m;  ~ is the t ime,  hours ;  h [1/hr], 
a 2 [m2/hr 2] a re  the t r a n s p o r t  coeff ic ients ;  ~ is the con-  
t ro l  action, kg/kg �9 m; r H are  the aux i l i a ry  funct ions  
in  the theory  of the m a x i m u m  pr inc ip l e ;  Pn = n~/1R; 
x n = ( a ~ n  - hZ)~/z; m + 1 is the n u m b e r  of equa-  
t ions (7) used in the approx imate  so lu t ion  of the p rob -  
l em.  As te r i sks  denote op t imal  va lues .  
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